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ABSTRACT. T h e  b io logica l  characterist ics o f  t rees i n  t ropica l  d r y  savannas  m a k e  i t  d i f f icu l t  
t o  conduc t  inven to r ies  o f  t ree  densi ty ,  a n d  t h i s  has a roused  in terest  i n  d is tance-based 
methods .  Th is  s tudy  p roposes  a d is tance-based t ree  dens i ty  es t imator  us i ng  Ma té rn  po i n t  
processes, genera t ing  c lustered spat ia l  patterns. I t  w a s  de f i ned  as  t h e  m a x i m u m  l ike l ihood 
es t imator  o f  t h e  densi ty ,  based  o n  a n  app rox ima te  d is t r ibu t ion  o f  t h e  d is tance f r o m  a 
r a n d o m  p o i n t  t o  t he  p t h  nearest  tree. I t  was  c o m p a r e d  w i t h  seven  es t imators  iden t i f i ed  i n  t he  
l i terature as  t he  m o s t  eff ic ient.  T h e  es t imators  w e r e  c o m p a r e d  o n  a benchmark  o f  10 p o i n t  
processes, w i t h  s ix  be i ng  ad jus ted  t o  observed  t ree  pa t te rns  i n  s ix  M a l i  savannas (West  
Afr ica) .  T h e  p roposed  es t imator  w a s  genera l l y  t h e  m o s t  eff ic ient.  However ,  th is  resul t  
i gnores  t ha t  ( i )  al1 es t imators  d o  n o t  requ i re  t he  same e f fo r t  o n  t h e  f ie ld ,  ( i i )  the  
point -processes benchmark  w a s  rest r ic ted t o  M a t é r n  processes, a n d  ( i i i )  al1 es t imators  are 
n o t  equ iva len t  w i t h  respect  t o  measu remen t  errors.  FOR. SCI. O:. 
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;iccoliiir for iiioi-e rh;iri 90% ol doiiic\tic ciiergy 
(Noiivcllci ci ;il 7000). aiid the trse Foriiiatioii\ 

iiiiaiiil' siiv;iiiiiahI ;ii.e ihiih suhieci Io ii liigli lcvel o l c x l ~ l o i -  
tniioii. Siiicc 1998. III? :o\ei-iiiiieiit i i i  Mal i  has eiicii~ir;igcd 
III? ci-e;itioii 01. so-c;ilIc~l '.i.tiriil 11i:ii-kcth 1.0r fiiel w~ocl.'. ;IIICI 
tlir\e rt.l> 1311 ille defiiiitioii oI:i iiinnngciiiciii pliiii f o i  v i l l n y  
ioi.~,\i\. 11i;it 111 ~LII-II reqiiircs iiii ; i ~ ~ ~ s s i i i c i i t  01'  the w o o ~ l  
stt~ck. C'I;issic;il iiiveiitoi-y i e c l i ~ i i ~ ~ ~ i ~ ~  ;ire ilil'ficiili I c i  iisc i i i 
dry \ ; i \ i i~ i i i t i s  hccniisc o f  ilic shi-lih iikprct o f  tlie trces (siiiall 
Irees. 1 1 ~ ~ 1 1 1 ~  >tellis <111 e;1cl1 s111111p. c~l r \c< l  \11;1pc o f  ille \leIli\ 
\vitIl i i iai i)  ~i i i i i f icnt ioi i r .  etc.) klcii-covci-. hiidgels av;iilahlc 
ioi. foresi i i i \ ~e i i i o i ~  ;ire \iii;ill. niid ilic opei-niors i i i  clini-gc 0 1  
[lie i i i ~ c i i t ~ ~ r i c s  ;II.? r;ii-eI! \\,cl1 [ ~ i i i i ed .  

A l l  iliese c~iii\idcr;itiiiii>, 11;ivc led ii i Mal i  10 ilisi;iiicc.- 
bnscd ftli-esi iii\eiit<ii-y iiiethods (Kotiyaté 1995. Sy llii IYY7 1. 

rli;ii ;II-t. ~tippc,+c'cl 1 0  bc c;i\y ~ i i i d  Ilirt IO apply iLii id\zy et ,il. 
IUiX. I.i.r\ai-d c i  al. 2002, I.'iicli aiid Rusydi IL)C)91. Fis~ii-c 
I fivcs the dist:iiicc\ D. ilic i i i i ~ s i  Irïrliieiitly iiierisiirzd ii i 

di\i;iiicr-based irizthods. Let 11 be [hi. l ikcil iiiiiiiher 01' trezr 
i i i e;ich saiiipliiig plot. aiid S ( 0 )  its viiriablc area. We dziiote 
;i\ A tlic trcc density. A i i  cstiin:iior o f  the ircc deiisiiy is: A = 

I)/.S(I)). The dii'ficulry is iliat tlie e,sp?ct?~l balue of IIS(1)). 
,iiid thiis lhai o f  Â .  depcrirls <>II the spatial p'iitt'rii o f  thc treer. 
A spatial pattern wi l l  hir conhidered as the i.ealiz;ition o f  a 

poiiit process (Ci-eskir 19'4 1 .  Stoyliii iind Stiiyan li1i)lr. Lei 
,fi . . 11) be the drn*i iy i~ i i ic t io i i  o f  the dist;iiice LJ foi- :i point 
pi-ocess wi i l i  pai.,iiiict~i-h Il (;iiiioiif wliicli is tlic i i i ir i ir ity A ) .  
'Ti, eïriiiiaii. 0. authors pencrally lise [lie iiiaxiiiiiiiii liheli- 
Iiiioil ssii~i~atoi-. or tlie III-order iiioiiicn[ cstiriiator tliat toi- 
10u.s frorii 

\vhci-e I),. . . .. D,, 15 n \tiiiiple o f  sile I I  o I D .  For Iioiiiope- 
iieoiis Poi\uoii proceas wi ih intensity A. ihc cxp r~ i ed  VLIIU~ 
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Figure 1. Distances most commonly measured in distance- 
based methods: (a) X, is the distance lrom the sampling point 
to the pth nearest tree (here p = 4). Ib) Y is the distance lrom a 
randomly chosen tree to its nearest neighbor. (cl Let A be the 
nearest tree from the sampling point E; Tis the distance from A 
to its nearest neighbor in the hall-plane that excludes E and 
limited by the perpendicular to (AO at A. Id) L is the distance 
from sampling point E to the pth nearest treePn a transect of 
fixed width that starts at E (here p = 4). (el O,, is the distance 
Irom the sampling point to the pth nearest tree located in the 
kth sector, the plane being divided into m equal sectors lhere 
m = 4 and p = 2). (f) Z, is the distance lrom tree A, to its nearest 
neighbor A ,,,. the trees A,, . . . , A,-, being excluded. and A, 
being the nearest tree from the sampling point lhere p = 3). 
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01 .Y;:'. \vlirrc. .Y,, is  [lie dist~iiicc li-oiii ilie >iiiiipliii; poii i i  i c i  

i lic 1,111 iicni-e\i ii-ee (Figiirc In).  i s  pi-<ipi>i-ti<iiiiil tci A-"'" 
iSrciyiiii niid Stoyaii I09J l .  Sv. i-elri-i-iii; to Pei-sxiii's ( 197 1 I 
c l ; ~ ~ i i c ~ t i ~ i i .  ihc fil-st-oi-(lei- iiii,iiieiit estiiiiatoi- 111 tlic 
deii>ii! l'or LI i'oissc~n p i ~ ~ c r v  hcloiips IO the lype 1 l/L,Yi2. 
tlic \ccoiid-oi-dei- 1110111e111 rti i i i i i tcii- is o f  type I / ( ~ x ' I .  ~IIILI 
tlie iii~)iiiïiii cstiiiiiitor 01' orclci. - 2  i> o f  type xi IIX'I. 
Moi-eo\ri-. li~i- ii hiiiiiogriieoiis Poizsoii procea5. the i i i i i ~ i -  

i i i i i i i i  l i k r l ih i~od csiiiiinti~i- hiiscd (III X,, i> iilciiticiil. 1111 IO ;I 

~ i i i i l t i l~ l ic i i l ivc  I;ict<ii-. to [lie \ectiiitl-oirlei i i io i i i r i i l  cstiiiinloi-. 
Table l s i \?\  [tic iiiosi c i~i i i i i io i i ly Foiiiid citiiiiatoi's. ci-05s- 
i i i ~  tlic iype oI'dis[;iiicc iiie;i>~irrtl (Fip~ii-e 1 I aiid i'ei-\>oii.> 
( 197 l ) c I i i >> i i i c i~ t i~~ i i .  

Most o f  thrsr esiiin;iiiii-5 \\ci-e tlrsipiiccl I'oi- the Po i \ \ i~ i i  
procchs. Llii~iipli soiiic wci-c clcsigiietl loi- poiiit procrxses t l i i i t  

gciici-ate i-e:riilnr grids csqii:iie. iriniigiilai-. hexnpoiiiil. c i c i .  
\\Ilci-cils othei-5 wei-c Jcsigiird to he i-ohu\l. Ho\ve\,ci-. Io the 
heht o i  OIII- kiiowletlpc. i io c\ti i i ioii~i- Ili15 hccii cIe\,<itcd IO ;i 

~poiiii ~pr~c.c \ \  11131 fei icr~tes r l i i s t e ~ . ~ d  piiiiei-ils. t l i~\vc\ci- .  
ti-ccs iii ~ i ; i i i i ~ ~ ~ i I  foi-chi si~iiid5. i i i i c l .  iii ~~iii-ticiiI:ii-, iii clic trcc 
\;II iiiiiios < i f  Mali. geiiei-ally Iinvc ii cliistei-et1 spiitinl piitiei-II. 
Tliih stiidy ilici-efoi-c iiiiiirtl Iii cleliiic ii ti-ee deiisity cstiiiiaioi- 
I i ir clu\iei-ecl ~piiirei-ils: aiid t ï s i  [I l i \ criiiii;itoi- :it \ ix siic.5 iii 
Mi i l i .  To i-ciicli tliis pil~rl. the idenl sitliiitioii \voiild he 10 i i s r  

;i ïl i i \rerii ip pc)int pi-iicc55 tliiit c;iii hc ciiiiiil:itecl ;iiitl f~ i i -  
wliicli [lie dicii-ihiitioii o f  tlie distaiice LI i s  kiiowii. I l i i ioi-- 
iillliliely. \vc ;ire 11,it ;iw;ire 01. slicll a [>rl>ccs<. cl~lsterill; 
1pi11111 pi-~~eee%e? tl i i i l  ci111 be ~ i i i ~ i l ; i t c d  Iinve iiiiii-;ict:ihlc cli i i i- 
;icicrisiic\. Iii coiitrast. tlic l i i ow i i  disri-ibiitioii5 ol' B k ~ i -  
~ I i~s le i -~ lc l  piitlcrii\ c0r~ehp1111cI 10 ~ ~ n i i i t  ~)ilttei-ils whO>r' ;cil- 
cr:itiiip pi-ocesses aie i i i i l i iowi i  (Ehci-li;irclt 1907). S i~ i i ic  

( t )  - l 
O 

iippi-oxiiiiatioiis therefoie Iiad tci be iiinde. W r  reliçd oii [lie 
kii i i i ly o f  Mnt t r i i  piiiiit Iir<ice\\cs to gciiei-nte clustticd piir- 
lei-II\. aiid tlirii appi-oxiinated thc di\trihii i ioii o l 'D  hy kiiowii 
c l i~tr ibi i t i i~ns. A trer deiisiiy cstiiiiatoi- coiild rhrii hc de- 
duced aiid was coinparcd wit l i  o lhr r  esiiiiiiiii~i-s giveii in ilic 
liiciiitiirr'. 

(e) O Material and Methods 
Mntérii Process 

Matérii pi-ocrxçes ai-e thi-ee-paraiiieier poii i i  ~>i-ocï\ \ ïs 
ihtit penrratr cli istrrrrl 51i;itial piitlri-11s. Tlic III~CC 11iii-ii~iicieic 
ciiiisist of dispr'rsioii distaiicr K .  driisit! ci1 piii-ciii p<iiiits W. 

i i i id i i iran nuii ibrr o f  dniightei- poii i i  ],ci- piiiciii p. '1-lie 
I N - O C ~ ~ Y  is the11 defined iis inllrrws (Siiiyaii niirl Sii~y;iii 
199-1): 1. Parent poiiith are cli-iiwii acciiitliiig Io il Iioiiiog- 
eiie«iis Poissoii pi-«ce\s wit l i  dr~ is i ty  1,): 2. L i c h  piii-CIII poilil 
i seilesairs M, daughtcr poiiits, wl ir ie tlic :Ll,s ai-e iiidepeii- 
tleiit and ideiiiiciilly distributrd eccorrliii; io  ii Poissoii di\- 
II-ibiition wi ih paraiiieter f i :  3. The M, daughterh OF eiich 
pal-ent poii i i  :ire iinil'oi-iiily distrihutrd iii ilic ilisli o f  ~ i i l i i i s  K  
cciiicrcd 011 thc pareiit poiiit. The Malei-ii field i\ tiiiall! 
i l i i- i i i ïd hy the i i r i i ~ > i i  o f  nll dniigliiei- p i~ i i i i \ .  

1-hc deiisity o f  a Marei-ii pi-ocrss wi i l i  p:ir:iiiictcis ( K .  10. 

p )  is A = op.  The kcy pl>ii i i  iii di\tiiiicc iiietliod deiisity 
cstiiiiation i s  the distrihiition fiiiictioii F,, o f  tlie disiiiiicï X,, 
ii-oiii a i-aiidoiri poiiri ICI the / ~ t I i  iicni-chi iieiglihoi-. Tlie 
;iiialytic expi-ession o f  F,, I«r 11 = 1 is IS i i~yni i  iiiid Siii!;iii 
199-1) 

wlici-e o(l..r, RJ i s  tlic iii-cii <i f  iiiiei-sectinii o f  t w i ~  i l is ls o f  
iadiiis .r aiid R sep;iriited hy a distaiice 1. Tlic cxprscsii~ii o f  
i r  i s  (Stoynii aiid St«ya~i Ir)04) 

Rccaiise we do no1 Iiavr aiiy explicit expi-essicln oI E;, fiIr 
11 - 2 ,  an ~ipproxirniite cxprcs.\i<~ii i> dei-i\ecl. As iioriccil hy 
Eherliardt ( 1967). F,, i x  defined hy the I;iu 01 the iiiiiiiher i>i 
ii-ces iii plots. hecausr 



Table 1. The distance-based density estimators most commonly found in the literature. 
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h;i i r i  i / e .  Foi- 2;icIi c i~ i i i l i i i i ; i i i~ i i i  111 (K.  w. fil nrid foi- eacln 

v;iluc of. \ .  we thi l \  i~ l i ia i i i c t l  LI sniiiplc o l  10.000 v;iliic\ I I l i  
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1Ii;ii 11,I.r) W;IS closely appi-oxiiiinietl hy  a iicg;iii\? h i i i ~ ~ i i i i a l  

tlixti-ihiitioii w i th  paraiileters (III. LI 

wlici-c 1' is tlit. gninriia f i~r ictr<in (Ahrci i i iowitz ;triil Stt'piiii 

10641. The paranieter i r r  is the riiean nii i i ihsr ol' ii-cc\ i i i  [lie 

di \k of radiub .Y. su ihnt: 111 = AT.\' = w f i i r - .  'l'lie 

r c l i i i i ~ ~ i ~ s h ~ p  heiwet.11 i l ic  çhape 11x1-aiiirtei- r! niid tlie pioc?\\  

l~, lKt i i ie ler~ (K. w. pl were eiiipii-iciilly t l ~ ~ ~ - i \ c ~ l  fi-111ii lhc 



\thci-c CI,,. (l1. ;111tl ai-c CIIII,\I;II~I ~ ~ ~ c f f i c i c ~ i t s .  E~~LI~II~OII~ 
2-4 tliiis dcf i i ic  ail nppi-i~xiiii;iie exprerr io i i  o f  Fi, foi- ;i 
bli i i i i-11 proccrr. 11 s l i ~ i i l t l  ;iIso l ic i ioictl i l ia i  we CICI 1101 ki lo\\ 
tlie geiiei-aiiiiy proce\\ 01' i l ic  po i i i i  pioccar whose dir i i - ih~i-  
i io i i  ( 1 1  ,Y,, \iiiiilil hc givci i  cxi ic i ly  II' F.~LI;IL~I)II~ 2-4. 

I h c  coci i ic ie i i i r  CI,,. ( 1 .  ai id (1, \*.ci-c csiiiii:iicd Ii-oiii i l ic  
r i i i i i i ln i i~> i i  d;iiii hy i i i i i i i i i i i r i i ig.  fils a y i ~ e i i  order I J .  i l ic  
~ ]~ i ; i i i i i i y  

u l i c i c  tlie \iiiii i\ o\ci- i l ie .ï 11 ri i i i i i l i i ted MntGi-ii ~ ~ i - o c e \ i c r .  
I.;,, i s  i l ic dihii-ihuiioii h i i ic i i< i i i  o l  X,, i o r  ihe q i l i  hl;it?i-II 
p i -oc?r~ çoii ipi i ted f roni  tlie coeii iciei i lh CI,,. O , .  II' iiriii: 

EL~II;II~IIII~ 2-4. ~ i i i d  t;,:;' ir i l le eiiipiri~,;il i l irt i- ihi i i ioi i  f i i i ic- 
t i i ~ i i  eriiiii:ite<l I'i-oiii i l le h~i i i ip lc ol \ i ~ c  10.000 ( I I  X,, l i ~ r  i l ic 
</il1 M:iiCrii pi-<iccrr. 

.flic <Ici i \ i iy ciiiii;iiiii- \ i c  1prn1~1re i f l l i e  i i i ; ixi i i i i i i i i  l i kc -  
l i l iood h;ihc~l oi i  ;i ;i i i iplt. <ii ihe ~ l is in i i cc  Xi, I'i-0111 CI r;iiiiIoiii 
pc>iiii i i ~  i l  I I  i ie ; i r~ . i  irce. Tlie expre\sioi i o f  tl it. 
I i k e l i l i i ~ ~ ~ i l  i h  ;ictiinlly appi-uxiiiinie. becaiire i i is h:irctl i~ i i  i l le 
; i l~pi-i~.~ii i i ; i te cxlwersioii o f  clic d i i t r ihu t io i i  f i i i i c t i~ in  (11' ,Yi, 
io r  i l ic  MiiiC-i-n procesaer. II I ' i > l l i r \ i  i r i ~ i i i  Eqiinticiii 1 t l ini i l ic 
c x ~ ~ i - c \ s i ( ~ i i  o f  tlie l o y - l i k e I i l i ~ > ~ ~ ~ i  foi- LI h;iiiiple .xi, . . .. .s,, i>l' 
r i ~ c  I I  01 .Y,, ir 

wliei-e XI' i s  ihe dignii i i i in f i i i i c i i t~ i i  i:lhi-:iiiiowiiz i i i id Sicgii i i  
9 4  i l  II' - 2 i v p ~ i t  i i  i l le ~Ici-iv;iiivc o f  III wi t l i  i-especi 
t o i .  Et~ii;iiioii O i ç  vi i l id kli- v > O: ~iioi-cover />,'(O) = O. [.CI 
il?. 6,. p) hc i l ic \ ; i I~ ie o i  (K. C O ,  p) tliai iiiaxiiiiir.e,\ 'l(i,, 
. , . , .l~,,). ~r~lell I I ~ C  p i - O l ~ ~ ~ s e L ~  irce C I ~ I ~ S ~ I ~  ~sii~ll;iillr ir A - 

<oh. 

III ~pi;iciicc. Etlii;iii1111 5 i s  ~ i i i l x i i i i i r ed  1iiiiiiri-i~~111!. W C  
~ i xed  i l ic Neldei--Mencl nlgoi-iiliiii I N r l ~ l c r  ni id Met id I Y(i5) 
iii K \c~l'iw;ii-c ( K  Develr~pi i ic i i i  Core Tenii i  2003I. T l i i \  
~ i lyoi- i i l i i i i .  l ikc i i i o r i  ol,iiiiiiz;~iioii alfiii-itliiiis. recliiircr soiiic 
i i i i i i ~ i l  v a l i i a  i,I K.  W .  ;iiicl p. Vdic i i  cri i i i i ; i i i i ig dciisi iy ii-oiii 

;i \ i i i i i i latcd data se1 o f  ;i kno\vii Matéi-ii proce\\. ii i\ o f  
coiii-he pohsihle to lise ihe [rue \,aliich o i  K. w. eiid p a\ i l ic 
i i i i i ia l  v:iliich. Howcbci-. tlie i i i i t ia l  values i i i ~ i y  have ~iii e i f ~ c i  
o i i  rlic riiiinerical «iitpiii. and n hcitci- r i i i i i i la i io i i  111' l ie ld 
c o i i d i t i ~ i i s  ir obiained i f  we procecd a i l  tlie ir i ie v;iluer 
wcre i inkrio\\ i i .  First. we iiszd ah ni1 i i i i i i ; i l  i lc i i r i iy  vnliic (op. 
1Ii;it value g i v r i i  hy [lie i i ioincrit estiiii;iior o f  order -7 of n 
Poiaaoii pi-ocesa (see Etl i ini i»i i  13). I.ct A : hc iliir chiiiiintc. 
'I'lieii. we uaed the .; i i i i i i lati i~i i  data IO dei-i\c r ~ n i e  rnipiric;il 
expi-cshiuiis hii- Il le iiiiii;il v;iliic,\ o f  K. 01. ;iiitl p. For cach of 
i l ie 5 17 siinulatcd Mni2r i i  pri~cesacs. wc c i~ i i ip i i i c i l  i l ic c i i i -  
pii-ic;il i i ieaii 1î1 and [lie ci i ipir ical hiaildard ~ l e i i a t i ~ ~ i i  <i i ~ i  Xi,. 
ii-oiii i ls  s;iiiiple ol' r i zc  10.000. W c  i l ic i i  c t~i ix i i -~ ic icd i l ic 
liiic;ii- i-egi-esrions 

<î,, - u,, + a,,,co,, + <r,p,, + C I ~ K , ,  + e , , .  ( 8 )  

wliere (1 = 1 .  . . . . S I 2  reiers IO the \ i i i i i i l~ i tet l  Matt 'r i i  
Ivocesses. 0iic.e i l ie cveif iciei i ts of tliehr. i-eyrerrioiir ;ire 
k i iowi i .  the init ial \,aliies o f  K. W .  ;iiid p ai'? ohtaiiieil t i ~ i -  niiy 
~ x ~ i i i i  proce\\ hq a«lving I~I = B,, + P,,,C,I . P,,p. <r - (r,, + 

c,,,,co + <r,p + <xRK aiid A ?  = wp .  wlici-e IN = *,)/II 
I I I  ï = [ ' ,  - 1î1)~1/(11 - I ) ;Ire 1I1c chli l l l . l l~d I l l C i l l l  

~ i i i c !  \,ai-iaiice o f  a sairiple i ,. . . .. .\,, o f  A',, This y i c l ~ l r  

Uccause regressioiih 7 ariil 8 \vert. c .« i i~ i i~ ic icc l  loi- a l i i i i i ic t l  
i-niige (11' K. w. aiid p. [ l ie i i i i i ia l  valiieh o f  K. w. ;ilid p wei-e 
: ic~iial ly min [n iax(R ,,,,,. 1). 81 ( i r i  111). i i i i i i [ i i i ; i x ( ~ ~ ~  ,,,,,. 0.01 >. 
0.OXI iiii iii '1. ai id ~ i i i i i l i i i a x i , ~  ,,,,,. I I .  XI. 

Slirdy S i t ~ s  
Tl ic distaiice i i iethod l'or c.;tiiii;itiiig ri-et. deiihity \v;ih 

~ i s x e i e d  at six sites i n  Mal i .  Wc.;i Afri~.;i 1.l.iihle 7 ) .  Oiic 01' 
i l ic  r i tes (A i i lha)  is located iii die Soiit l i  Salieliari hiocli i i iotic 
riirige (Nas i  and Sabatier 1088). ;iiiotlici- (W~II-O) i h  1oc;iic~l iii 
ihc Nor th  Sudanese i-arigc. ai id the ft~ti i- i-eiii:iiniiig r i ter  are 
Iucated i n  the Soi i ih Siid~ii iese i-aiigc. Tl ic vcget;itioii ;II nl l  
i l ic  sites consisis o f  rree savniinn (Yanyni i ih i  cl;issiiic;iiioii. 
Coiiheil Scieiitifiqiic. puiii- I 'Af i - iq i ie 19.56). i\ 50  A 1!10-iii 
peri1i;irient p l o i  w:i\ loc t i ie~ l  ai rnridoiii ;II c;icli \ i i c  The 
YIICC~CS. girtli. ai id \parial cool-diiiates o f  ;il1 tlie ii-eer aiid 
xliriihs \vith 11 base gir t l i  i l 0  ~.iii \wi-e recurdccl. Spatial 
coordiiiates were iiieasured \\siil1 ;i tape aiier d ib id i i ig rhe 
plot  ir i to 10 X 10-iii s ~ i b p l i ~ t r  h ~ ~ i i i i c l c ~ l  hy string. Pli11 
cliaractci-istics are given in  Tahle 2: deiihity rniigccl I ro i i i  
198 10 13Xh l i a i  oi id hasal arca raiiped froni  2.8 i o  12.5 
iii2h;i-l. R i i ink i l l  explaiils the diffci-ciiccs hetweeii i l le pl«[\. 
wliei-e;is. i i iorr  lacally. huii ini i  nci iv i t is \  1i;i~I ;i iii;irked iiii- 
l p i i ~ l  011 p lo l  c I i ; ~~ . :~~ le r i s t i ~ \ .  

A MaiCi-ri proccrr wnr nbjusicd IO e;icIi t1hrt.i-ic~l rpatial 
partri-il. I l s  deiisity wa\ esii i i inicd tir A = WIl ' \b l icrc N ir i l ic 



Table 2.  Characteristics of the six study sites in Mali, West Africa 
-~ p~ ~~ - 

I.i i i i~i i~idc L:iiiiucle 1'111, i<1111?1ry'' 
Sii i .  W h' IIIIII ? r  ' 

i i i i i i i l~ci- i ~ l  li-cc\ iii ille lploi ;iiitI \1' = 0.5 1i:i. 'l'lie otlier 
p:ir;iii~erci-s \vrre esiiiiraied i ih i i i f  ihc i i i i i i i i i i ~ i ~ ~ ~ - c i ~ ~ ~ i i - : ~ ~ i  

i i i c i l i~~c l  1Sioyi111 i111tI Stoy;iii li)')4i. \vIiicli is r f f ic iei i i  i l i i c l  
i;ike\ c i d \ : ~ i ~ i : ~ ~ c  o f  k i i i i \ % : I r d ~ ~ ~  L ~ ~ I I ~ C ~ I ~ ~ I I ~  ii-ec 1po~iiio11. 
.l'lii\ c i i i i s i \ i \  01' i i i i i i i i i i i / i i i f .  u i r l i  i-cy>ect IO K niid (0. i l ic 
c~ui i i~i i i !  

\\,Iiei-e : = 1./(2RJ. l t  \ l io~iI( l  he inoled i1i:iI K LI OC^ 11i>1 clepri~(l 
(>II 1-1. This laiicr [>:ii-;iiiicicr i s  c\iiiiiniecl a\  p = A/~,I. 

Cottipnrison witll Otlzer Estirtrntors 
Sevci-ul i i~i i l iors ha\;e coiiil>;ii-rd ihc pc~-ioi- i i i i~~icc o i  d i \ -  

iiiiicc-hiiscd c ~ t i i i i i i i ~ r s  wit l i  t ixecl-\i lcd saiiiple plot esiini;i- 
tor\ iMoiire 1954. Liridhey ci  :il. 1058. Holgiitc li)f>4. 
bhcr1i;ircIi ll)f>7. Pi>lIiir(l 197 1 .  E~I;~III~III et :il. I'N4, Le\\ i i i -~I 
ri ;il. 1994. Lyi ic l i  ;~ii(l Rii\ycli ILKK). 1.c~~iii-cI c i  al. 1IJO1). III 
:III c;i\c\. ~l is i i~~ice-ba\c( l  e\tiiii:itors li;i~l ;I liifhei- si;~iid;~i.iI- 
i/cd sooi s(~~i i i rc i l  ci-roi- iIi:iii siiiiiplc plot cstiin;~toi-S. Otliei- 
;iiiiIii,i-\ Ii:i\c 111:ide paii-\vise cuiiipni-iziiiii o l  tlie prr lbr- 
I I I I I ~ ~  c l i s i i i ~ i c c - h l  e i ~ i ~ i i i r  i l  197.5. 1077. 
(' i ix 1L)76. C1,iytoii niid Ci>\  IPXfi. P:iy:iiidcli iiiid El, IL)X(>. 
J I I  c i  1 1 .  19')1. E i i ~ ~ ~ i i i : ~ i i  c i  al. IYL)J. E i i ~ r i i i i i i i  :iiitl 
Siigiliai-:I 10L)X). Es!iiii;tior\ ot ille type Y( l / x 2 )  1T;iI~lc l i 
v e r  I ~ I I  iiioic i<iIiii\i ilinii c~tiiii:iloi'\ o l  ilic tylic 
l / i L  X'I i Prrsi<iii I')hJ. Ebci-1i:ii-di 1967. Paynii~lcli :iiiiI Ek 
IL)XO. Jii i i \\<ii i cr a l .  IL)L)?). bu[ ilir linver \,:iI~ie o f  i l icir bii15 
\KI\ ~ o i ~ i [ i c ~ ~ \ ; ~ i c d  hy i l i e  Iii:Iicr V~IIUC 111 ilieir variaiicc. 

The prrl~iri i iniice 0 1  ilic priipo\c<l criiiii;iii)i- &fi. W;I\ 

i~\ \c\ \c( l  iii coii~p;lrisoii with d I ~ i ; ~ ~ i c c - b ; ~ ~ c ~ l  esiiiil:itoi-\ rec- 
o f i i i ~ ~ ~ l  iii ille 1iii.i-;iiiii-c ;ii the i ~ i o > i  efficiciit. We ii i l':ici 
E»llo\ved the con~'I~i~;iiiiis o f  tlircc \tii<lies iIi;ii eiicoiiil,s\seil 
:III ille ailier co i~ i~ i : i r~ i i i \e  > i~ id ie \ ,  F(illo\viil;! CI:i!ic>~i :IIILI 

Cox's (1986) c«ncliisiori\. WC selecietl tlic ilii-ce c~ii i i i ; i tor\ 
Â,. Â,. iind h-. prciposed hy these ;iutlior\ 

wherc .Y, is tlie disiaiicr l roi i i  the i ih  (wit l i i i i  a \airiple o f  s i x  
ii) \aiiipling point. say E. ti, the ncai-chi ci-ee. \:iy A (Fifiii-c 
I;iJ. T, is the disi;iiice froiii A to il\ iicai-e\i iieifhhor iii i h r  
1i;ilf-plane thai excludes E niid l i i i i i ted hq ihe pci-pcii<liciiliir 
io  (AEJ  al A (Fifi ire Ici .  Z, i\ the disi;iiice fi-oiii ,\ in  i i s  

iiearesr neighbor (Figiire II). iiricl III, i\ ilil, iiiiiiihci- iii piiir\ 
[.Y,. Z,) oi- (X,. T,) o ~ i t  o f  the 11 ineasured p;iii-s Ii ir \\,hich Z, > 
!..Y, or T, > rX,. Fol l i iwi i ig P;iyniidcli ;iii<l EL'\ (IOXh) 
coi ic l~sioi is,  we also selrcied the niornent c\tiiiiiitoi- oloi-der 
- 2  ( i f o  P«is\on pi-«ce+ I K r i i l \  ri el .  1063. Pers\i~ii 1964. 
Ehei-liardt 1967. Maw\on 1968. Jorissoii c i  al. 1992. Lcs5;ir~l 
ci  iil. 71JO?) 

WIIC~C Xi,, i h  ille disiniicï 1.1-oiii tlic i t l i  s.iiiililiiig poiiit to the 
prli iieai-est tree (Figiire In) .  Firially. lo l l i i \ v i i i f  Eiifeiiiiiii ci 
:11.'s ( 1994) coiicliisioiis. we srlected tlirce ilii>i-e estiinat«r\: 
Kendiill-Moran's e\tiiiistor. i h r  srcoii<l-orelei- iiiiiiiiciii chti- 
iii;iicir fi>r a Poissoii pi-ocess, niid tlie vnri;ihlr arra tiaiisrci 
r<iiiiiai(ir. The Kendall-Moran e\iiiiiniiii- is ilcl'iiic<l LI\ 

liillo\bs (Keiiclall niid Moi-an IOhi.  Eiigciiiaii er al. I1l')J): lei 
A ,  b r  the nearest t r r r  li-oiii rhc s ~ i i i i p l i i i ~  poiiit E. niid lei 
A,,. , (11 2 I ) be the iirarrst ir?? fi-oiii ,A,, disi-esai-diiig i\ ,. 
. . A , , ,  (Figiire I f ) :  lei Z!, be rhe (lisiniicc Iroii i A,, to A,, . , . 
;iiid fiiially Irr .di, be the ai-rii to rxplc~re to l i i id A,,. TIii\ ;il-e;i 
i\ ih r  are;! ot' i i i i i i i r i  o f  rhr 11 disks cciiici-cd at E. .i , .  . . . , 

1 ,  wiih r:i<lii X. L I .  . . . . Z,,- , .  The11 ille Ke~~il:iIl-Mor;i~i 
esiiiiintoi- o l  order 11 is 



The Kciidnll-Moiaii criiiii;iiiii- i r  iii11. stiictly hpciikiiig. ;i 
clisiiiiicc-hiiscd estiin;itoi hcc:iiisc i t  caiiiiot he ci~i i jpi i ic i l  
li'i1111 111ci-e i I i s i ;~~~ee  IIIC~I~IIICIIICIII~. Tlic ~CC~IIII-II~JC~ 1110- 

i i ~ t  c s i i ~ i i i i ~ i -  f i -  I s i i i  c c  i h l o r r i i ~  IU.54. 
TI i t ) i i ip r~~i i  Ic156. Kciils c i  ;il. le)03. H111piitc 19641 

wlici-c .Y,,, W;IS drii i ir ' i l  ~i i . r 'v io~isly (sec deii i i i i ioii (11'  h ,). 

Tlic v;ii-iiihlr ai-ea ti-niiscct csii i i i i i t i~i- i r  (P;ii-hcr 197'). SIicil et 
;il. ?O113 I 

whcrc LI,, is ilic disr;iiicc fi-oiii i l ic iili sniiil)liiig poiiii. rny II. 
10 i l ic 11111 iie;~rcit ~ r e c  iii ;I II-a~iseet (11. wii lt l i  bi' tliiit stiiris ai 
E tFipiii-c Id ] .  I i i  ihis r i~ i t ly .  wc ~ i r c d  CV = IO iii. 

LVc il i i ir srlected seveii esiiiii;itorr h r  coiripai-isoii wi i l i  
Gb. Tlie I i~ui-  c\iiiii;~ior\ Â-> .  Âkh l .  h2, iiiitl ÂI  ;ire ~i i ihi i~rccl  
iili- a Iioiiiogeiiroiis Poisroii pi-ciccrs. The v;ii-iniicc 111' ilic 
latici- ilii-cc i l ici i cqiiiilr A'/(II/, - 2 ) .  wlici-cas tlic vari;iiice 01' 

W , t~ie i i  ec1~1;11s A'I~;II~J - 211. AS ;I coiiipiii-isoii. i ~ i c  b i i r i ~  
;iticc 01' i lic l ' ixc~l r i ~ c  \;11ii1~lr plot eriiiiiiiioi' eq~i;iIs A'IIII~I~ 
foi- n ploi \ire riich ihai ~ l i c  ploi  coiiiniiis 1) irccr (III iivci-iigc. 

Tlic \cvcii csiiiiiniorr (Eq~iatioiis 12- l hi  tiiid t l i r  pro- 
porrd er~ii i iatoi- Wb wrrc ~oin l~ i i i 'e t l  011 l l ic h;ihir (IF tlicii- 
\i;iii~l:ii-dixd i-ooi scl~ini-rd ci-roi- (Digple 19771. 

TIic siiinllci- (> (A) .  ilic i i i i ~ i c  cl f ic ic i i i  A. .flic csiiiiiiiriiir \\ere 
;ils» c i ~ i i i p i ~ e d  oii ilir' h:isis o i  ilir iiic;iii cxploi-.iii~~ii ni-c;i 
i-ei[~iii-ctl :II ciicli s;iiiipIiiif poiiit, l:or esiiiiiii[orr Cdb,  A?. ;iiitI 
h ?. i l i is L\,~I\ the iiie;in \,;iIiic 2.Y;: hi- hKbl, il wax il ic 
i~ ic i i i i  v;iliic tiI':.l;,: ioi' A;., i t  \ \ i l s  11ic IIIC;~I~ V;IILI~ o f  ioi- 
,\,. i r  \\ni tlie iiieaii v;iliic o l  TTIX' + Z'I - (ilX. X. Z). ~IICI.C 
11 ir  :ive11 hy Ei l~ i i~ i i i> i i  1 :  t i i i i l .  for A,? iind A,. i t  \\;Is ille i i ic~ i i i  
value o f  n l ~ '  + T'l11 (Figiii-r I l .  

'She estiiiiators wri-e coinpai-ed on n henchiii~ii-k o f  tcii 
rct'ei-eiicr puii i i  pi-«cesses: ilir 5ix Matfi-11 proce\se\ coi-re- 
\l>oiidiiig Io  tlie six st~idy siies. the M i i i i r i i  piucess \vit11 
p;ii-aiiicicrs K 2 111, w = IO0 Iiii ' .  p : .5. [lie b l i ~ i t r i i  
 pi-ocess with ~iiiraiiieiers R = 5 ni. IU - 100 11;1-~, p - 5. l l ic 
MiitCrii pi-occsr wi ih  Ii;ii.niiictci.\ I<' = I in. w = 500 ha ' ,  

p = 1 .  ~ i i i d  the Poisson prucess with iiiteiisii) A = 500 Iiii ~ ' .  
l '< i i i i t  process siiiiulatiiiiir wei'e ~ised i-atlier tli;iii p l ~ i  diirii 
hec~iiise the lartrr olf;.red li iniied saiiipliii: ~po\hihiliiicr. niid 
t l icrci i~rc liiiiited data sets. Each refei-ence poirit process w;is 
siiriiilatrd 10.000 iiiner. iiiid foi- eacli iicr.;iiioii tlic tlihtances 
i-equired toi- the estiiiiators wei r  i~oinpii ietl. These dotii wei-c 
ptiriitiunrd in[» 200 sniiiples ol'sizc 50. I ' l i ~ i s  200 ehiiiii;irc\ 
A , .  . . . . A 2,,,, o f  the deiisity bnrrd oii n s;iiiil>lc o i  \ i re II - 
511 v.ci'c ohi;iiiirll i i l r  ciicli cstiiiiaioi' ;iiicI c;icli poiti i ~priicc,s\. 
Tlie staiidai-dized biiis was theii coiiipiiicil ;is 8 = h lh  - 1 .  
wlici-c = (1;:; A,~1200. ;111d the si;i~iiI;irdi/ed si;iiid;ircI 

Results 

A r  suggcsicd b!. Kouyat2 l 19951 aiitl Sylla 1 1OL171. we 
I'hcus hereiiiter oit [lie order 11 = 4. The ertiiriati~rs Wb. iI. 
Â ?. and Â,  wcrc thiis assessctl Ii,r 1, = 4. Tlie 
Keiid;ill-Moran erriiii;itcir wss assessril Hlr 11 = 3 hcc;iiisc ii 
;il>peni-r i n  he o f  l i i t le ~pi.nctic;il ~ i sc  iii tlic Iield for11 ::, -3. We 
l i r \ i  preseiit soine clini-iicirristic\ o f  tlie pi-i,po\ctl csliiii;iioi- 
ip;ii-tiiiietcr v ~ i l u e .  ilse ~ i t h  field tlal;~. r f f r c t  o f  \;iiiil>le 
sise). aiid theii inake coiiipiii-isoiis \vitIl Ilic  ill lei' c ~ i i i i i i i l ~ r \ .  

Parariteter Values 
A i  the ordcr 11 = 4. tlie 11111iiei-ici11 \.;IIUCS (11' ilie coeffi- 

cieiits CI,,. t l l ,  (1' coi-i.esponded IO liiI = - 16.4555 111'. [il = 

20.9673 111. aiid (I? = 0.9142. 'The resulis o i  segiessiniis 7 
iiiid X lroni which the inii inl v;iluch o i  (K. i,,. pl wei'c coiii- 
~xiied. arc givcri for 1, = 4 iii Tahlc 3. Fiiiall'. Tahle 4 s i \? \  
ihc values o f  the p;irniiicicrs (K. o ~ .  pl 01' 111c hliii21-11 pro- 
ccs\es [liai hest fit the t~bsei-vetl s~>ntinl piiiieriih ;II ilir r i \  
r i ~ i d y  sites. 

Example of an Estitnatioti frortr Field Data 
LVc tirsi provide an cxainple (il' a deiisiry estii i i~it iuii 

iisiiie tlir proposetl csii i i i i i i i~i- nrid I'iclcl tliiin. Tliese tI;~tii u r r r  
gaieratrd fi-»in steiri iiitips: ;III ihr' Li-ees i-ccorded oii ;i ~ i l o i  
\\;ci-e placed on .Y - \  coordinaies: saiiipliiif poiiits ur ' rr  ICI- 
catcd on a rrgiilar square grid with rider <I withiri ilie 

Table 3. Linear regression of the empirical mean m, and the empirical standard deviation Cr, of X, with respect to the parameters R, 
W .  and p of the Matérn point process. for 512 processes. 

~ - .- 
( ' i ~~ . l l i c i c i i i  I l i l i l  E.;iiili:iit~ SE 7 Pi-i ~ ? I I  














